Abstract. The number of apparent double points of a smooth, irreducible projective variety X of dimension n in P 2n+1 is the number of secant lines to X passing through the general point of P 2n+1 . This classical notion dates back to Severi. In the present paper we classify smooth varieties of dimension at most three having one apparent double point. The techniques developed for this purpose allow to treat a wider class of projective varieties.
Introduction
The number ν(X) of apparent double points of a smooth, irreducible projective variety X of dimension n in P 2n+1 is the number of secant lines to X passing through the general point of P 2n+1 . The variety X is called a variety with one apparent double point, or OADP-variety, if ν(X) = 1. Hence OADP-varieties of dimension n are not defective, and actually they can be regarded as the simplest non defective varieties of dimension n in P 2n+1 . Probably this is the reason why OADP-varieties attracted since a long time the attention of algebraic geometers. There are other reasons however. Among which we will mention here the fact that the known OADP-varieties are rather interesting objects, as we will indicate later on in this paper, and the unexpected relation of OADP-varieties with an important subject like Cremona transformations (see [AR] ). Unpublished work of F. Zak also suggests connections with the classification of self-dual varieties.
The first instance of an OADP-variety is the one of a rational normal cubic in P 3 , which actually is the only OADP-curve. It goes back to Severi [Se] the first attempt of classifying OADP-surfaces. According to him the only OADP-surfaces in P 5 are quartic rational normal scrolls and del Pezzo quintics (see Theorem 4.10 below). Severi's nice geometric argument contained, however, a gap, recently fixed by the third author of the present paper [Ru] . Meanwhile, inspired by Severi's result, Edge produced in [Ed] two infinite series of OADP-varieties of any dimension (see Example 2.4). In dimension 2 the two types of OADP-surfaces are either Edge varieties or deformations of them (see again Example 2.4). In more recent times E. Sernesi called the attention on Edge's paper, asking whether, like in the surface case, all OADP-varieties can be somehow recovered by Edge varieties. F. Zak has been the first who produced, in dimension 4 or more a few very interesting sporadic examples of OADP-varieties (see §2 below). Unfortunately however, there is no other infinite list of examples but Edge's varieties and rational normal scrolls.
The challenge of classifying OADP-varieties seems to be quite hard. A first remark is that one may associate to an OADP-variety X of dimension n another variety F (X) in P 2n+1 which is called the focal variety of X. Basically F (X) is the to X at its general point is birational (see Remark 4.3). Here we prove that, in general, the degree of aforementioned projection is bounded above by the number of apparent double points of X, which yields one implication of Bronowski's conjecture (see Proposition 4.1 and Corollary 4.2). In particular we have the important consequence that OADP-varieties are rational. Finally, as an application of our classification of OADP-threefolds, we are able to classify OADP-varieties which are Mukai varieties, i.e. such that their general curve sections are canonical curves (see Theorem 8.1). Related classification results for OADP-varieties of small degree can be found in [AR] ).
The paper is organized as follows. In section 1 we give the main definitions and prove a few basic facts about OADP-varieties. In §2 we present all the known examples of OADP-varieties. In §3 we make our analysis of degenerations of projections. In §4 we apply it to the study of a special class of varieties, which we call varieties of full rational type, which include the OADP-varieties. As a first result we give a very easy proof of Severi's classification theorem of OADP-surfaces. In §5 we use the previous analysis for the study of the tangential behavior of OADPthreefolds, i.e. we study the intersection of such a threefold with its general tangent space. As a result we are able to prove the bound 5 ≤ d ≤ 9 for the degree d of a OADP-threefold. On the way, we need a few technical propositions, some of them of independent interest, which we collected in §6. In §7 we prove our classification theorem for OADP-threefolds. Finally in §8 we prove the classification of OADP-Mukai varieties.
Preliminaries
Let X ⊂ P r be an irreducible, non-degenerate, projective variety of dimension n ≥ 1 over C. If d is the degree of X we will sometimes denote X by X n,d or by X n .
Let X(2) be the twofold symmetric product of X. One considers S(X) the abstract secant variety of X, i.e. the Zariski closure of the scheme I(X) := {([x, y], p) ∈ X(2) × P r : x = y, p ∈< x, y >} inside X(2) × P r . The image of the projection of S(X) to P r is the secant variety Sec(X) of X. Thus one has the projection map p X : S(X) → Sec(X). Since dim(S(X)) = 2n + 1, then dim(Sec(X)) ≤ min{2n + 1, r}, and the variety X is said to be defective if the strict inequality holds. If x, y ∈ X are distinct smooth points, the secant line L =< x, y > is contained in Sec(X). As limit of secant lines, one has also the tangent lines, i.e. the lines contained in the tangent space T x X and passing through x, where x ∈ X is a smooth point. The Zariski closure of the union of the tangent lines is the so-called tangential variety T an(X) of X, which is contained in Sec(X). The tangent lines are considered to be improper secant lines, whereas the usual secant lines are sometimes called proper secants.
Let us assume now that X is smooth and that r ≥ 2n + 1. Let ǫ be an integer such that 0 ≤ ǫ ≤ n − 1 and let Π be a general P s in P r , with s = r − n − ǫ − 2.
We denote by π ǫ : X → P n+1+ǫ the projection of X from Π, by X (ǫ) its image and by Γ (ǫ) the singular scheme of X (ǫ) . We will assume from now on that X is not defective, i.e. that its secant variety Sec(X) has dimension 2n + 1. Then Γ (ǫ) has pure dimension n − ǫ − 1.
The projective invariants of the varieties Γ (ǫ) , which are projective invariants of the variety X itself, are relevant in various classification problems. For instance, if ǫ = n − 1, then Γ (n−1) consists of finitely many points, which are improper double points of X (n−1) ⊂ P 2n , i.e. double points whose tangent cone consists of two subspaces of dimension n meeting transversely at the points in question. Following a classical terminology, we call the points of Γ (n−1) the apparent double points of X. Their number, which is not 0 since X is not defective, will be denoted by ν(X). Usually one sets ν(X) = 0 for defective varieties X.
It is useful to point out right away the following basic facts:
Proposition 1.1. Let X ⊂ P r be a smooth, irreducible, non-degenerate, nondefective, projective variety of dimension n, with r ≥ 2n + 1. One has:
i) if r = 2n + 1 then ν(X) is the number of secant lines to X passing through a general point of P 2n+1 , ii) if r > 2n + 1 then ν(X) = deg(Sec(X)) · deg(p X ) and r ≤ 2n + ν(X) − 1, hence ν(X) ≥ 3, iii) if ν(X) ≤ 2 then r = 2n + 1 and X is linearly normal.
Proof. Assertion (i) is trivial, and (iii) is an immediate consequence of (ii), which we are now going to prove. The first assertion of (ii) is also trivial and one has:
Assume the equality holds. Then Sec(X) would be a variety of minimal degree (see [EH] and Example 2.1 below). Such a variety, if singular, is a cone. Actually Sec(X) is singular along X, hence Sec(X) would be a cone, whose vertex would contain the span of X, which is the whole P r , a contradiction.
A smooth, irreducible, non-degenerate, non-defective, projective variety X ⊂ P r of dimension n ≥ 1 is called a variety with one apparent double point, or a OADPvariety, if ν(X) = 1. Note that, by part (iii) of Proposition 1.1, if X is an OADPvariety, one has r = 2n + 1 and X is linearly normal in P 2n+1 (see also [Se] and [Ru] ).
To say that X is an OADP-variety is the same as saying that the projection p X : S(X) → P 2n+1 is dominant and birational. This fact has some important consequences.
Let us consider, in general, X n ⊂ P 2n+1 an irreducible, non-degenerate, nondefective, projective variety. We can see S(X) as a family of dimension 2n of lines in P 2n+1 . Let L =< x, y >, x, y ∈ X, be a proper secant line. In this situation there is focal square matrix F L arising, whose rows are given by the sections of the normal bundle N L,P 2n+1 corresponding to the 2n independent infinitesimal deformations of L determined by 2n independent vectors in T [x,y] (X(2)) (see [CS] for the general theory of foci, which we are going to apply in this paper). Since X is not defective, hence
is not identically zero, coincides with nx + ny. The same considerations apply if L is an improper secant line. In this case L is tangent to X at a smooth point x ∈ X and the focal matrix F L can still be considered. If det(F L ) is not identically zero, the focal scheme Z L of degree 2n defined by det(F L ) = 0 is 2nx. A proper or improper secant line L is called a focal line if det(F L ) ≡ 0. The union of focal lines is a Zariski closed subset F (X) of P 2n+1 called the focal locus of X and its points are called foci.
Assume now X is an OADP-variety. By the general theory of foci, F (X) coincides with the indeterminacy locus of the inverse map p −1
i) z is a focus if and only if there are two distinct, hence infinitely many, secant lines through z, ii) the secant line L is a focal line if and only if for some z ∈ L − L ∩ X there is some other secant line, different from L, containing z. This happens if and only if for every z ∈ L, there are infinitely many secant lines containing z.
Remark 1.2. The definition of OADP-varieties can be extended also to singular varieties. A non-degenerate, projective variety X of pure dimension n in P 2n+1 has one apparent double point if there is a unique secant to X passing through the general point of P 2n+1 . These varieties share with their smooth relatives, several properties. For example they also turn out to be linearly normal (see the proof of Proposition 1.1). Though the subject of singular OADP-varieties is very interesting, we will not consider it in this paper.
Going back to the loci Γ (ǫ) for general varieties, let us consider the next one, corresponding to the case ǫ = n − 2, thus we have to assume n ≥ 2. Then Γ
is a curve whose geometric genus we denote by P G(X) and we will call it the projective genus of X. Then P G(X) ≥ 0, and we will say that X is of rational projective type, or a RPT-variety, if P G(X) = 0 and, in addition, the curve Γ (n−2) is irreducible. More generally, we will say that X is of rational projective i-type, for some i = 1, ..., n − 1, or a RPT i -variety, if the variety Γ (n−i−1) is an irreducible, rational, i-dimensional variety. We will say that X is of full rational projective type, or a FRPT-variety, if it is of rational projective i-type, for all i = 1, ..., n − 1.
As the following proposition shows, examples of F RP T -varieties are provided by OADP-varieties.
Proposition 1.3. Every OADP-variety is a FRPT-variety.
Proof. For every 0 ≤ ǫ ≤ n−1 we consider Π a general P n−ǫ−1 and π ǫ : X → P n+1+ǫ the projection of X from Π. Since through the general point p ∈ Π there is a unique secant line to X corresponding to a point of Γ (ǫ) , we have a rational map f ǫ : Π → Γ (ǫ) , which is birational.
Remark 1.4. If X ⊂ P 2n+1 is a OADP-variety, then its symmetric product X(2) is rational. Indeed, if H is a general hyperplane of P 2n+1 , then, referring to the map π : S(X) → P 2n+1 , one has that H ′ = π * (H) is rational and the projection map H ′ → X(2) is clearly birational. Thus the Kodaira dimension of X is κ(X) = −∞ and h i (X, O X ) = 0, 1 ≤ i ≤ n. This can be proved as in [Ma] .
We prove now a lemma indicated to us by F. Zak, which will be useful later on. First we recall a definition. Let X ⊂ P r be an irreducible, projective variety of dimension n. For a point p ∈ (Sec(X)\ X) we consider the Zariski closure C p (X) of the union of (proper or improper) secant lines to X passing through p. We denote by S p (X) the scheme theoretical intersection of C p (X) and X, and we call S p (X) the entry locus of p with respect to X. Intuitively, this is the Zariski closure of the set of all points x ∈ X for which there is a point y ∈ X such that p ∈ x, y .
Assume Sec(X) = P r , which yields r ≤ 2n + 1. A count of parameters shows that for p ∈ P r a general point, S p (X) has dimension 2n + 1 − r. Notice that X n ⊂ P 2n+1 is an OADP-variety if and only if the entry locus S p (X) of a general point p ∈ P 2n+1 is a pair of points.
Proof. Let p be a general point of Π. The entry locus S p (X) is the intersection of the quadric S p (Y ) with Π. By a dimension count, this intersection is not empty. This proves that Sec(X) = Π and therefore S p (X) is finite. Since, as we saw, it is the intersection of the quadric S p (Y ) with Π, it consists of two points. This implies the assertion about X.
To put the previous lemma in perspective the reader should perhaps take into account the relations between OADP-varieties and Cremona transformations, as indicated in [AR] . We will not dwell on this here but we will only mention the following result (see [AR] ): Proposition 1.6. Let X ⊂ P 2n+1 be a smooth, irreducible, non-degenerate, projective variety, which is not defective. Suppose that the linear system of quadrics |I X,P 2n+1 (2)|, restricted to a general hyperplane of P 2n+1 defines a rational map which is birational onto its image. Then X is an OADP-variety. Proof. Let φ be the map associated to |I X,P 2n+1 (2)|. The map φ contracts any secant line to X to a point. Hence the general fiber of φ has positive dimension l and degree d. Since the restriction of φ to a general hyperplane has to be birational onto its image, we must have l = d = 1. This implies the assertion.
Examples of OADP-varieties
In this section we collect some examples, essentially the only ones known to us, of smooth OADP-varieties. We refer the reader to [AR] for more details.
Example 2.1. (Scrolls). Let 0 ≤ a 0 ≤ a 1 ≤ ... ≤ a k be integers and set r = a 0 + ... + a k + k. Recall that a rational normal scroll S(a 0 , ..., a k ) in P r is the image of the projective bundle P := P(a 0 , ..., a k ) := P(O P 1 (a 0 ) ⊕ ... ⊕ O P 1 (a k )) via the linear system |O P (1)|. The dimension of S(a 0 , ..., a k ) is k + 1, its degree is a 0 + ... + a k = r − k and S(a 0 , ..., a k ) is smooth if and only if a 0 > 0. Otherwise, if 0 = a 0 = ... = a i < a i+1 , it is the cone over S(a i+1 , ..., a k ) with vertex a P i . One uses the simplified notation S(a Recall that rational normal scrolls, the (cones over) Veronese surface in P 5 , and quadrics, can be characterized as those non degenerate irreducible varieties in a projective space having minimal degree (see [EH] 
h . The hyperplane divisor of Seg(m 1 , ..., m h ) is of type (1, ..., 1).
Notice now that S(1 n ) ⊂ P 2n−1 coincides with Seg(1, n − 1). Let us point out the following easy fact.
Lemma 2.2. Let X ⊂ P 2n+1 be a smooth, linearly normal, regular variety of dimension n. Then X is a scroll over a curve if and only if X is isomorphic either to S(1 n−2 , 2 2 ), n ≥ 2, or S(1 n−1 , 3), n ≥ 1. Moreover for n ≥ 3 these scrolls can be realized as divisors of type (2, 1) on Seg(1, n), the general one being S(1 n−2 , 2 2 ), while the scroll S(2 2 ) can be also realized as a divisor of type (0, 2) on Seg(1, 2). Furthermore for all n ≥ 2 the scrolls S(1 n−2 , 2 2 ) and S(1 n−1 , 3) can also be obtained by intersecting Seg(1, n + 1) with a suitable P 2n+1 .
Proof. By definition X is isomorphic to P(E), with E a locally free sheaf of rank n over a smooth curve C. Since X is regular, C ≃ P 1 and hence E ≃ ⊕ n i=1 O P 1 (a i ), with 0 < a 1 ≤ a 2 ≤ · · · a n . We know that X is linearly normal and hence that 2n
, from which it follows that X is either S(1 n−2 , 2 2 ), n ≥ 2, or S(1 n−1 , 3), n ≥ 1. The description as divisors in Seg(1, n) as well as sections of Seg(1, n + 1) is well known. We leave the easy proof to the reader.
In view of Proposition 1.1 and of Remark 1.4 (see also Proposition 4.6 below), an OADP-variety X ⊂ P 2n+1 can be a scroll over a curve only if it is a smooth rational normal scroll, i.e. only if X is either of type S(1 n−1 , 3) or of type S(1 n−2 , 2 2 ). We will now prove, using an argument of F. Zak, that S(1 n−1 , 3) and S(1 n−2 , 2 2 ) are indeed OADP-varieties for all n ≥ 2. Notice that S(1 n−1 , 3) makes sense even for n = 1, i.e. one has S(3), a rational normal cubic, which is indeed an OADPvariety.
Proposition 2.3. For all n ≥ 2 the scrolls S(1 n−1 , 3) and S(1 n−2 , 2 2 ) are OADPvarieties. These are the only scrolls over a curve which are OADP-varieties. Proof. By Lemma 2.2 the scrolls in question can be obtained by intersecting Y := Seg(1, n + 1) with a P 2n+1 . Let now p ∈ P 2n+3 be any point not on Y . It is well known (see for instance [Ed] ) that the entry locus S p (Y ) has the form P 1 × P 1 p for some P 1 p ⊂ P n+1 , hence it is a 2-dimensional quadric in a linear P 3 p . We are then in position to apply Lemma 1.5 to conclude with the first assertion.
The final assertion is a consequence of Lemma 2.2 and of Proposition 1.1 part iii) and Remark 1.4.
Example 2.4. (Edge varieties) . Consider Seg(1, n) = S(1 n+1 ) ⊂ P 2n+1 which has degree n + 1, n ≥ 1. Recall that P ic(Seg(1, n)) ≃ Z < Π > ⊕Z < Σ >, where Π is one of the P n 's of the rulings of S(1 n+1 ) and Σ is Seg(1, n − 1) naturally embedded in Seg(1, n). Hence, an effective divisor D of type (a, b) has degree a + nb in P 2n+1 . The hyperplane divisor of Seg(1, n) is of type (1, 1).
Let Q be a general quadric of P 2n+1 containing Π. Then the residual intersection of Q with Seg(1, n) is an n-dimensional smooth variety E n,2n+1 of degree 2n + 1 in P 2n+1 which is a general divisor of type (1, 2) on Seg(1, n). Its degree is 2n + 1. Let Π 1 and Π 2 be two fixed P n 's of the ruling of Seg(1, n). If Q is a general quadric through Π 1 and Π 2 , then the residual intersection of Q with Seg(1, n) is an n-dimensional smooth variety E n,2n of degree 2n which is a general divisor of type (0, 2) on Seg(1, n). Notice that E n,2n ≃ P 1 × Q ′ , where Q ′ is a general quadric of P n . In particular E 3,6 coincides with Seg(1 3 ). Varieties of the type E n,2n+ǫ , with ǫ = 0, 1, have been considered in [Ed] . Edge proved that they are OADP-varieties as soon as n ≥ 2. Therefore they are called Edge varieties. If n = 1, then E 1,3 is the rational normal cubic, which is an OADPvariety, whereas E 1,2 is a pair of skew lines which, strictly speaking, cannot be considered an OADP-variety because it is not irreducible. However it still has one apparent double point.
We remark that, by degree reasons, the Edge varieties and the scrolls are different examples of OADP-varieties, as soon as n ≥ 3. If n = 2 instead, E 2,4 is a rational normal scroll of type S(2 2 ). Notice that, instead, the other scroll S(1, 3), which is also an OADP-surface, is not an Edge variety.
We now sketch Edge's argument from [Ed] to the effect that smooth irreducible divisors of type (0, 2), (1,2) and (2, 1) on the Segre varieties Seg(1, n), n ≥ 2, have one apparent double point. This generalizes the trivial fact that the only smooth curves on a smooth quadric in P 3 having one apparent double point are of the above types.
Proposition 2.5. Let X ⊂ P 2n+1 be a smooth, irreducible, n-dimensional variety contained as a divisor of type (a, b) in Seg(1, n), n ≥ 2. Then X has one apparent double point if and only if (a, b) ∈ {(2, 1), (0, 2), (1, 2)}, i.e. if and only if X is either a rational normal scroll or one of the two Edge' s varieties as in examples 2.1 and 2.4. Sketch of the proof. As we know for, p / ∈ Y := Seg(1, n) the entry locus S p (Y ) has the form Seg(1 2 ) ≃ P 1 × P 1 p for some P 1 p ⊂ P n and spans a linear P 3 p . So if X is a divisor of type (a, b) of Y , the secant lines of X passing through p are exactly the secant lines of X∩P 3 p passing through p. For a general p ∈ P 2n+1 , X∩P 3 p is a reduced, not necessarily irreducible curve and it is a divisor of type (a, b) on
In relation with Edge's varieties we notice the following useful generalization of [Ru, Lemma 3 and Proposition 8] , the main ingredients of the proof of Severi' s classification Theorem of OADP -surfaces given in [Ru] .
Proposition 2.6. Let X ⊂ P 2n+1 be an OADP-variety of dimension n ≥ 2. Suppose X contains a 1-dimensional family D of divisors D of degree α, whose general element spans a P n . Then α = 2, X is an Edge variety, hence X is either a divisor of type (0, 2) or (1, 2) on Seg(1, n), and D is cut out on X by divisors of type (1, 0).
Proof. The assertion is true if n = 2 (see [Ru] , l.c.), so we assume n ≥ 3 from now on. By Zak's Theorem on Tangencies, [Za1, Corollary 1.8], every divisor D ∈ D has at most a finite number of singular points, so that it is irreducible. First we will prove that D is a base point free pencil, which is rational because X is regular (see Remark 1.4). In order to see this, it suffices to prove that two general divisors D 1 , D 2 of D do not intersect. Suppose this is not the case. Then D 1 and D 2 intersect along a variety D 1,2 of dimension n − 2. Let x be a general point in a component of D 1,2 and let p i be a general point of D i , i = 1, 2. Of course p 1 , p 2 are general points of X. Notice that
Since X is not defective, by Terracini's Lemma we have a contradiction as soon as n ≥ 4. If n = 3, by arguing as above we see that < D 1 > ∩ < D 2 > cannot be a plane. Thus D 1,2 has to be a line along which D 1 and D 2 intersect transversely. We claim that
i different from x and p i and the line < p ′ 1 , p ′ 2 > would cut the general secant line < p 1 , p 2 > in a point different from p 1 and p 2 and X would not be an OADP-variety. The claim proves that α = 2 and that D is a smooth quadric being smooth along a line contained in it. The exact sequence
The general hyperplane section H of X would be a smooth surface containing a 2-dimensional family of conics, and therefore H would either be the Veronese surface in P 5 or a projection of it (e.g. see [Mez] ), which is not possible. Now we consider the scroll Y swept out by < D > as D varies in D. This is a scroll over a rational curve since there is a unique P n through the general point of X and since X is regular. Furthermore X is linearly normal, therefore Y is a rational normal scroll, i.e. a cone over a smooth rational normal scroll or Seg(1, n) (see for instance [EH, Theorem 2] ). Let us prove that Y cannot be a cone. Let V be the vertex of Y and let s ∈ V be any point. Keeping the above notation, we remark that s ∈ D i and the lines < s, p 1 > and < s, p 2 > span a plane Π, which contains the general secant line
> is contained in Π and intersects the general secant line < p 1 , p 2 > outside X, implying that X is not an OADP-variety.
In conclusion, Y is smooth, then Y = Seg(1, n) and we conclude by Proposition 2.5.
Example 2.7. (OADP 3-folds of degree 8 in P 7 ). Let X = P(E) ⊂ P 7 be the scroll in lines over P 2 associated to the very ample vector bundle E of rank 2, given as an extension by the following exact sequence
where p 1 , . . . , p 8 are distinct points in P 2 , no 7 of them lying on a conic and no 4 of them collinear. Since h 0 (P 2 , E(−2)) = 0 such a vector bundle is stable, it has Chern classes c 1 (E) = 4, c 2 (E) = 8 and it exists (see [LP] and [Io5] ). A general hyperplane section of X corresponds to a section as in sequence (2.1) and it is a smooth octic rational surface Y , the embedding of the blow-upP 2 of P 2 at the points p i given by the quartics through them. The surface Y is arithmetically Cohen-Macaulay and it is cut out by 7 quadrics which define a Cremona transformation ϕ : P 6 P 6 (see [ST] , [HKS] , [MR] and also [AR] , §6). Hence X is an arithmetically CohenMacaulay 3-fold cut out by 7 quadrics and it is an OADP-variety by Proposition 1.6.
We sketch now another description of X, from which we will deduce another proof of the fact that X is an OADP-variety. Notice that h 0 (P 2 , I {p1,...,p8},P 2 (3)) = 2 and call f i := f i (x 0 , x 1 , x 2 ) two independent cubics through p 1 , . . . , p 8 . Then H 0 (P 2 , I {p1,...,p8},P 2 (4)) is spanned by f i x j , i = 0, 1, j = 0, 1, 2, and an irreducible quartic, φ := φ(x 0 , x 1 , x 2 ), vanishing at p 1 , . . . , p 8 . Then H 0 (P 2 , E) is spanned by sections s i,j and s respectively mapping to f i x j , i = 0, 1, j = 0, 1, 2, and to φ via the surjective map
..,p8},P 2 (4)) deduced by sequence (2.1), and by the section σ given by the inclusion O P 2 → E also deduced from (2.1). Introduce homogeneous coordinates z i,j , i = 0, 1, j = 0, 1, 2, z 0 , z 1 in P 7 . Then the inclusion X = P(E) → P 7 is defined by
Whence we see that X verifies the equations
which, in the P 5 with coordinates z i,j , i = 0, 1, j = 0, 1, 2, define Seg(1, 2). Thus the line L with equations z i,j = 0, i = 0, 1, j = 0, 1, 2, sits on X and by projecting X from L to P 5 we have Seg(1, 2). In other words X sits on the cone F with vertex L over Seg(1, 2). The variety X is the complete intersection of two divisors of type (1, 2) on F (see [HKS] ). Notice that a divisor of type (1, 2) on F is the intersection of F with a quadric containing a P 4 of the ruling. This description allows us to see in another way that X is an OADP-variety. Indeed, let p be a general point of P 7 . Let p ′ be its projection to P 5 from L. The entry locus S p ′ (Seg(1, 2)) is a 2-dimensional smooth quadric Q. Consider the P 5 spanned by Q and L. Any secant to X through p sits in it. The intersection of X with this P 5 is the intersection of the rank 4 quadric cone with vertex L over Q with two divisors of type (1, 2). This is a rational normal scroll of degree 4, which is an OADP-surface. This yields that there is a unique secant line to X through p.
The focal locus of X contains the cone F .
The following examples have been first pointed out by F. Zak.
Example 2.8. (A smooth 4-fold of degree 12). For every k ≥ 1, we denote by
It is known that for p ∈ P 15 general, the entry locus S p (Y ) is a smooth 6-dimensional quadric (see [ES] ). By lemma 1.5, the intersection X of Y with a general P 9 is an OADP-variety of dimension 4. A different, but related, proof that X is an OADP-variety, can be obtained by applying Proposition 1.6 and by using the fact that the linear system |I Y,P 15 (2)| maps P 15 to a smooth quadric in P 9 , with fibers the P 7 's spanned by the entry loci S p (Y ) (see [AR] ).
Notice that Y is a Mukai variety, i.e. its general curve section is a canonical curve (see [Mu1] ). The same happens for X. These varieties can be described also as twisted cubics over the four cubic Jordan algebras Sym 3 C, M 3 C, Alt 6 C, respectively H 3 O, see [Mu2] . Note that also Edge varieties E n,2n are of this type for split Jordan algebras, see [Mu2] . Another possible description is as follows, see [Za2] :
on which a non-degenerate null-polarity is trivial, i.e. which are isotropic with respect to a non-degenerate antisymmetric form. This is a variety of dimension 6 which turns out to be embedded via the Plücker embedding in , 5) is the usual Grassmannians G(2, 5) of 2-planes in P 5 which has dimension 9 and sits in P 19 via the Plücker embedding,
) is the E 7 -variety of dimension 27 in P 55 .
These are OADP-varieties. For the proof, we refer the reader to [AR] . We notice that G lag R (2, 5) is a Mukai variety (see [Mu1] ).
Degenerations of projections
One of our tools for studying OADP-varieties, or, more generally, RPT i -varieties, is the analysis of certain degenerations of projections, which, we believe, can be useful also in other contexts. This is what we present in this section.
Let X ⊂ P r be a smooth, irreducible, non-degenerate, non-defective, projective variety of dimension n. Let Π ⊂ P r be a general projective subspace of dimension s with r − 2n − 1 ≤ s ≤ r − n − 2. Consider the projection morphism X → P r−s−1 of X from Π. Let x be a general point on X and let T x X be the projective tangent space to X at x. Roughly speaking, in this section we will study how the projection X → P r−s−1 degenerates when its center Π tends to a general sdimensional subspace Π 0 containing x, i.e. such that Π 0 ∩ X = Π 0 ∩ T x X = {x}.
To be more precise we want to describe the limit of the double point scheme of X → P r−s−1 in such a degeneration. Let us describe in more details the set up in which we work. We let T be a general P n+s+1 which is tangent to X at x, i.e. T is a general P n+s+1 containing T x X. Then we choose a general line L inside T containing x, and we also choose Σ a general P s−1 inside T . For every t ∈ L, we let Π t be the span of t and Σ. For t ∈ L a general point, Π t is a general P s in P r . For a general t ∈ L, we denote by π t : X → P r−s−1 the projection morphism of X from Π t . We want to study the limit of π t when t tends to x.
In order to do this, consider a neighborhood U of x in L such that π t is a morphism for all t ∈ U − {x}. We will fix coordinates on L so that x has the coordinate 0, thus we may identify U with a disk around x = 0 in C. Consider the products X = X × U , P U = P r−s−1 × U . The projections π t , for t ∈ U , fit together to give a rational map π : X P U , which is defined everywhere except in the pair (x, x) = (x, 0). In order to extend it, we have to blow up X at (x, 0). Let p :X → X be this blow up and let Z ≃ P n be the exceptional divisor. Looking at the obvious morphism φ :X → U , we see that this is a flat family of varieties over U . The fiber X t over a point t ∈ U \ {0} is isomorphic to X, whereas the fiber X 0 over t = 0 is of the form X 0 =X ∪ Z, whereX → X is the blow up of X at x, andX ∩ Z = E is the exceptional divisor of this blow up, the intersection being transverse. OnX the projections π t , for t ∈ U , fit together to give a morphism π :X → P U . If we set H = p * (π * (O PU (1)), then the mapπ is determined by the line bundle H ⊗ O PU (−Z). The restriction ofπ to a fiber X t , with t ∈ U \ {0}, is the projection π t . By abusing notation, we will denote by π 0 the restriction ofπ to X 0 .
We want to understand how π 0 acts on X 0 . The restriction of π 0 toX is the projection of X from the subspace Π 0 . Notice that, since Π 0 ∩X = Π 0 ∩T x X = {x}, this projection is not defined on X but it is well defined onX.
The main point of our analysis is to describe the action of π 0 on Z. This is the content of the following lemma:
Lemma 3.1. In the above setting, π 0 maps isomorphically Z to the n-dimensional linear space S which is the projection of T from Π 0 .
Proof. The restriction of π 0 to Z ≃ P n is determined by the line bundle
. Since π 0 is a morphism, the image of Z via π 0 is a P n . The projection S of T in P r−s−1 from Π 0 has also dimension n. Notice that S contains the image Ω, under the same projection, of T x X. This is a subspace of dimension n − 1 which is also the image of the exceptional divisor E ofX via π 0 , and therefore it is contained in π 0 (Z) too.
Consider the smooth curve C in X , whose general point is (x, t), with t ∈ U general, and letC be its proper transform onX . We let γ be the pointC ∩ Z.
This curve is contracted by the obvious projection mapX → P r−s−1 , to a point p ∈ P r−s−1 . Of course p = π 0 (γ) ∈ π 0 (Z). Furthermore p ∈ S. This follows from the fact that p ∈ S t , for all t ∈ U \ {x}, where S t is the projection of T via π t . We claim that p / ∈ Ω. Otherwise the P s+1 joining L and Σ would cut T x X along a line, against the generality assumptions about L and Σ. Finally our assertion follows: indeed π 0 (Z) and S are two P n 's, meeting along Ω which is a P n−1 , and also meeting at a point p /
∈ Ω.
The double point scheme of the mapπ is the schemeX × PUX . Consider the obvious map ψ :X × PUX → U . We will denote by ∆ t the fiber of ψ over t ∈ U . We will assume, up to shrinking U , that dim(∆ t ) is the minimum possible, i.e. dim(∆ t ) = 2n − r + s + 1 ≥ 0 for all t ∈ U \ {0}. The family ψ :X × PUX → U may very well be not flat over x = 0. However, there is a unique flat limit of ∆ t , t = 0, sitting inside ∆ 0 . We will denote by∆ 0 this flat limit, and we will call it the limit double point scheme of the projection π t , t = 0. We want to give some information about it. We notice the following lemma:
Lemma 3.2. In the above setting, every irreducible component of ∆ 0 of dimension 2n − r + s + 1 sits in the limit double point scheme∆ 0 .
Proof. Every irreducible component ofX × PUX has dimension at least 2n−r+s+2. Hence every irreducible component of ∆ 0 of dimension 2n − r + s + 1 sits in a component ofX × PUX of dimension exactly 2n − r + s + 2 dominating U . The assertion immediately follows.
Let us introduce some more notation. We will denote by: i) X T the scheme cut out by T on X. X T is cut out on X by r−n−s−1 general hyperplanes tangents at x. We call X T a general (r − n − s − 1)-tangent section. Remark that each component of X T has dimension at least 2n − r + s + 1, ii)X T the proper transform of X T onX, iii) Y T the image ofX T via the restriction of π 0 toX. By Lemma 3.1, Y T sits in S = π 0 (Z), which is naturally isomorphic to Z. Hence we may consider Y T as a subscheme of Z, iv) ∆ As an immediate consequence of Lemma 3.2 and Lemma 3.3, we have the following proposition, which will play a crucial role in what follows:
Proposition 3.4. In the above setting, every irreducible component of X T of dimension 2n − r + s + 1 gives rise to an irreducible component ofX T which is contained in the limit double point scheme∆ 0 . In particular if X T has dimension 2n − r + s + 1, thenX T is contained in∆ 0 .
Applications to RPT and OADP-varieties
One may apply the results from the previous section to the study of n-dimensional RPT and OADP-varieties. We start with the following: Theorem 4.1. Let X ⊂ P 2n+1 be a smooth, irreducible, projective variety of dimension n whose number of apparent double points is ν(X) > 0. Let δ(X) be the degree of the projection of X to P n from the tangent P n to X at its general point. Then 0 < δ(X) ≤ ν(X).
Proof. Notice that X is not defective, because ν(X) > 0. Hence by Terracini's lemma δ(X) > 0 (see [CC2] or [AR] , Proposition 3). Now we apply Proposition 3.4 to X with s = 0. Notice that, by assumption, X T has δ(X) isolated points, which give rise to δ(X) points in the limit double point scheme. Since this has degree ν(X), we have the assertion.
As a consequence we have the following. Corollary 4.2. Let X ⊂ P 2n+1 be a smooth, irreducible, projective OADP-variety of dimension n. Then the projection of X to P n from the tangent P n to X at its general point is birational. In particular X is rational. Remark 4.3. J. Bronowski claims in [Br] that X n ⊂ P 2n+1 is an OADP-variety if and only if the projection of X to P n from a general tangent P n to X is a birational map. Unfortunately Bronowski's argument is very obscure and, at the best of our knowledge, there is no convincing proof in the present literature for this statement as it is. It is therefore sensible to consider it as a conjecture. The above corollary proves one implication of Bronowski's conjecture.
For more information about this conjecture see [AR] .
Before stating and proving the next result, we need to recall a basic fact concerning degenerations of curves (see also [Hi] Proof. There is no lack of generality in assuming that F is smooth. Take an irreducible component of the central fiber and let x be a general point on it. We can consider a section of the family, i.e. a morphism γ : U → F such that p(γ(t)) = t, for all t ∈ U , and such that γ(0) = x. As a consequence of the uniruledness assumption, there is, up to a harmless base change, a subvariety C of F such that the restriction p : C → ∆ \ {0} is a flat family of rational curves such that for all t ∈ ∆ \ {0} the curve C t of the family contains γ(t). The flat limit C 0 of this family of curves contains x and all of its components are rational by Proposition 4.4. This proves the assertion. Now we are ready for the announced result about RPT-varieties. Proposition 4.6. Let X ⊂ P r be a smooth, irreducible, non-degenerate, projective variety of dimension n. i) Suppose X is a RPT-variety and let C be its general (n−1)-tangent section.
Then every 1-dimensional irreducible component of C is rational. ii) Suppose X is a RPT n−1 -variety of dimension n ≥ 3, and let D be its general tangent hyperplane section. Assume X is not a scroll over a curve. Then D is irreducible and uniruled and the general hyperplane section H of X has κ(H) = −∞. Furthermore X is also uniruled, hence κ(X) = −∞.
Proof. The first assertion of (i) is an immediate consequence of Proposition 3.4 and Proposition 4.4. As for (ii), if X is not a scroll, its general tangent hyperplane section D has double points along a subspace Π D of dimension s such that 0 ≤ s ≤ n − 3 and it is smooth elsewhere (see [Kl] and [Ei, Theorems 2.1 and 3.2] ). This implies that D, which is connected, is also irreducible (see also Proposition 6.1 below). By Proposition 3.4 and Corollary 4.5, D is uniruled. As a consequence X is uniruled and κ(X) = −∞.
Consider a flat family F over a disk U having H as the general fiber and D as the central fiber. By semicontinuity we have h
Since D is uniruled and has canonical singularities, then
and by Kodaira vanishing theorem, we see that
In the surface case we can prove a slightly stronger result:
Proposition 4.7. Let X ⊂ P r , r ≥ 4, be a smooth, irreducible, non-degenerate surface which is different from the Veronese surface in P r , r = 4, 5. Then P G(X) is defined. Furthermore the sectional genus π of S satisfies π ≤ P G(X) + µ, where µ = 0 if X is a scroll, and µ = 1 otherwise.
Proof. The Veronese surface in P 5 is the only smooth defective surface and the same surface, and its general projection in P 4 , are the only surfaces such that the double curve of their general projection in P 3 is reducible (see [Se] , [F1] , [F2] ). The general tangent curve section C of X has a node at the contact point and it is smooth elsewhere. If X is not a scroll, C is also irreducible (cfr. Proposition 5.2). If X is a scroll it consists of a general line R of the ruling plus a unisecant C ′ meeting L at the contact point.
By Proposition 3.4 and Proposition 4.4 every irreducible component of C has genus γ ≤ P G(X). Hence, if X is not a scroll, C is irreducible of geometric genus γ ≤ P G(X). Since C has a node, its arithmetic genus is γ + 1 ≤ P G(X) + 1. On the other hand, the arithmetic genus of C is the sectional genus π of X. The argument is similar if X is a scroll.
As a consequence, by taking into account the results from [AB] , [Io1] and [Io4] (see also [Li] ), one may classify all surfaces X with P G(X) ≤ 4. We will not dwell on this now, and we will simply classify here the RPT-surfaces:
, be a smooth, irreducible, non-degenerate surface which is different from the Veronese surface in P r , r = 4, 5. Then X is a RPT-surface if and only if it is one of the following:
i) a rational normal scroll of degree 3 in P 4 , ii) a rational normal scroll of degree 4 in P 5 , iii) a del Pezzo surface of degree n = 4, 5 in P n .
Proof. By Proposition 4.7, the sectional genus of X is π ≤ 1 and X cannot be an elliptic scroll. Hence X is either a rational scroll or a del Pezzo surface. By checking the various possible cases and using the classical formula for the geometric genus of the double curve of the general projection of a surface (see [En, pg. 176] and also [Pi] ), one proves the assertion.
Remark 4.9. The hypothesis of smoothness for X in the previous proposition can be relaxed. It suffices to assume that X has at worse improper double points.
By Proposition 1.3 all OADP-surfaces are RPT-surfaces, i.e they are listed in the previous proposition. Actually all surfaces there lying in P 5 are OADP-surfaces, and one finds a new, rather cheap, proof of the classification of OADP-surfaces (see [Se] , [Ru] ):
Theorem 4.10. Let X ⊂ P 5 be an OADP-surface. Then X is one of the following:
(i) a rational normal scroll of degree 4;
(ii) a del Pezzo surface of degree 5.
Remark 4.11. We notice that an equally easy proof of Theorem 4.10 could be deduced from Corollary 4.2. In particular for smooth non degenerate surfaces in P 5 , OADP is equivalent to FRPT. It is reasonable to suspect that this relation holds also in higher dimensions, see Remark 5.6.
Turning to the classification of OADP-threefolds X, which is our main aim, we notice that Proposition 4.6 and Remark 1.4 imply that the general hyperplane section of such an X is rational. A proof of the classification Theorem 7.1 below could be based on this remark. Indeed by applying Mori's program (see [Mo] ) as in [Io2] , [Io3] or [CF] , one sees that X is of one of the following types (see [Io2, Theorem II] ): i) a scroll over a curve or over a surface, ii) a quadric fibration, iii) a del Pezzo threefold, iv) a quadric in P 4 , v) (a projection of) a Veronese surface fibration, vi) a projection of the Veronese embedding of P 3 via the cubics or of the Veronese embedding of a quadric in P 4 via the quadrics.
A case by case analysis leads to the classification. Most of the tools needed for this have already been introduced so far or will be in §5. However, the approach we have chosen to follow here is slightly different and, we think, somewhat conceptually easier. It is, in a sense, dual to the one outlined above. In fact one first bounds the degree of X, drastically reducing the a priori possible cases (see next §5: this is not more expensive than the analysis required in the discussion of the cases (i), ..., (vi) above). Then a bit of Mori's theory, i.e. adjunction theory, is used to determine, for each possible degree, the varieties that really occur.
Tangential behavior of OADP 3-folds
Let X ⊂ P 7 be an OADP-variety of dimension 3. The main result of this section is an upper bound for the degree d of X.
Theorem 5.1. Let X ⊂ P 7 be a OADP 3-fold of degree d. Then d ≤ 9. Furthermore either X is a scroll over a curve and d = 5 or d = 9 − k, where k ≤ 3 is the number of lines passing through a general point of X The proof is based on the analysis of the tangential behavior of X, i.e. on the study of the intersection scheme Z := Z x of X with T x X, where x ∈ X is a general point. We need a few technical results, some of them of independent interest. We state them at the first occurrence, but we will prove them separately in the next section, in order not to break the main line of the argument. We refer to them freely here.
First we remark that 0 ≤ dim(Z x ) ≤ 2. The case of dim(Z x ) = 2 is classically known.
Proposition 5.2. Let X ⊂ P r be an irreducible, projective, non degenerate variety of dimension n with 1 < n < r. Let x be a general point of X. The intersection scheme of X with T x X has an irreducible component of dimension n − 1 if and only if either X is a hypersurface in P n+1 or X is a scroll over a curve.
We will prove this Proposition in the next section for the lack of a modern reference. This allows to restrict our attention to the case of an OADP 3-fold X ⊂ P 7 such that the scheme Z x , with x ∈ X a general point, has dimension at most 1. Equivalently we may and will assume from now on that X is not a scroll. The main difficulty will be to treat the one dimensional case. A great part of this section is indeed devoted to prove the following Lemma
Let us now fix some notations which we are going to use throughout this section. Let f : Y → X be the blow up of X at x with exceptional divisor E. We let H ′ be the pull back on Y via f of the general hyperplane section H of X. We consider the proper transform Λ on Y of the linear system of tangent hyperplanes to X at x, i.e. Λ = |H ′ − 2E|. Let S be a general element in Λ, i.e. S is the proper transform on Y of a general tangent hyperplane section Σ of X. The surface Σ has an ordinary double point at x and no other singularity, see for instance [Ei, Theorem 2.1] . Thus S is a smooth surface and the exceptional curve F = E |S is an irreducible (−2)-curve.
We will consider the characteristic system C of Λ on S, i.e. the linear system cut out by Λ on S. We may write C = Z + aF + L where L is the movable part of C and Z + aF is the fixed part, with Z not containing F . Since X has non-degenerate tangential variety, by a classical result of Terracini's, one has a = 0 (see [T] , or [GH, pg. 417] , or also [La, Theorem 7.3 i)] ). Moreover the image of Z via f is the support of the 1-dimensional part of Z.
By abusing notation, we often denote by C and L also a curve of the linear systems in question. Notice then the basic linear equivalence relation H ′ |S ≡ C + 2F = Z + 2F + L which we frequently use later on.
Next we are going to study the linear system C, by first studying its movable part L and then its fixed part Z.
Proposition 5.4. In the above setting, L is a complete linear system which is base point free and not composed with a pencil. Moreover L 2 = 1 and h 1 (S, O S (L)) = 0. In particular either Z x has dimension 0 supported at x or it is equidimensional of dimension 1 off x. Moreover the morphism φ L : S → P 2 is a sequence of blowingups.
Proof. The threefold X is linearly normal and, as we saw in remark 1.4, h 1 (X, O X ) = 0. Thus any hyperplane section of X is linearly normal. This means that the linear system H ′ cut out by |H ′ | on S is complete. Notice that C = H ′ (−2F ), which proves that C, and therefore also L, is complete.
Since X is non-defective, the projection of X to P 3 from the tangent space T x X is dominant (see [CC2] or [AR, Proposition 3] , ). This implies that the rational map φ L : S → P 2 determined by the linear system L is dominant, namely L is not composed with a pencil.
By Proposition 4.6, the general curve in L, which is irreducible, is also rational. Here we need the following auxiliary result, whose proof is postponed to the next section.
Proposition 5.5. Let S be a smooth, irreducible, projective, regular surface and let M be a line bundle on S. Suppose that the general curve C ∈ |M| is irreducible with geometric genus g and that h 0 (S, M) ≥ g + 2. Then the complete linear system |M| is base point free. Furthermore S is rational.
By Proposition 5.5, L is base point free. Therefore the general element in L is a smooth rational curve. Hence K S · L = −2 − L 2 , and, by Riemann-
, because L is effective and S is rational. Since L 2 > 0 we finally obtain h 1 (S, O S (L)) = 0 and L 2 = 1. The rest of the assertion is trivial.
Remark 5.6. Notice that, as a consequence of the above proposition, one finds a new proof, in the threefold case, of Corollary 4.2. This also proves the same statement for linearly normal FRPT 3-folds embedded in P 7 . Recall that Bronowski, [Br] , claimed that OADP varieties are characterized by this property. Summing all one can conjecture that OADP and FRPT are equivalent also, keep in mind Remark 4.11, for smooth non degenerate 3-folds in P 7 and maybe a similar statement is true in any dimension. The next step toward the proof of Theorem 5.1 is to study the fixed part Z of the system C, i.e. the scheme Z := Z x . We will denote by Z s the Zariski closure of the support of the scheme Z x \ {x}. By Proposition 5.4, either Z s = ∅ or every irreducible component of Z s has dimension 1. We will consider the latter case next, for this we use the notion of k-filling curve.
Definition 5.7. Let C ⊂ X be a reduced irreducible curve on X. We say that C is a k-filling curve for X if C is the general member of a k-dimensional family of curves such that there is a curve of the family passing through the general point of X. Proof. Consider the family D in which D varies as x varies on X. By abusing notation, we denote by D also the parameter space of the family.
First we claim that dim(D) := k ≥ 2. Otherwise there would be a surface ∆ on X such that D ⊂ T x X for the general point x ∈ ∆. Then 1 ≤ dim(< D >) ≤ 2. Suppose D is a line. By generically projecting to P 4 we would find a hypersurface X ′ , the projection of X, containing a line D ′ , the projection of D, such that the general hyperplane through D ′ is tangent to X ′ at some smooth point x ′ / ∈ D ′ . This contradicts Bertini's theorem. Also if D spans a plane a similar argument, which we can leave to the reader, works to reach a contradiction to Bertini's theorem. This proves our assertion on k.
Now assume that all the curves D of D are contained in a surface B. Then through the general point of B there is a (k − 1)-dimensional family of curves of D. In particular two general curves of D have to intersect. This would imply that T x X ∩ T y X = ∅ for x and y general in X, contradicting Terracini's lemma. Proof. Recall that the focal locus F (X) of X has dimension at most 5 (see §1). Thus F (X) cannot contain the tangential variety T an(X), which has dimension 6. Therefore for the general point of z ∈ T an(X), with z ∈ T x X, x ∈ X, there is a unique secant to X through it, i.e. the tangent line < x, z >. Since Z s is a subvariety of T x X ≃ P 3 , we conclude that Sec(Z s ) is properly contained in T x X. In particular every irreducible component of Z s is planar. Moreover the classical trisecant lemma (see, for instance, [CC2] ) yields that either Z s itself is planar or Z s consists of a bunch of lines spanning T x X and passing through a point y ∈ T x X. In this latter case, since the general tangent hyperplane section Σ of X contains Z, we conclude that x = y, otherwise Σ would be singular at y, which, as we know, is impossible (see [Ei, Theorems. 2 
.1]).
If Z s is one single line, then Z s contains x by Lemma 5.8. Suppose finally Z s is a plane curve which is not a line and let α be the plane where Z s sits. Thus Sec(Z s ) = α. Suppose x / ∈ α. Then any tangent line L at x intersects α at a point y = x and all the secants to Z s through y meet L. Thus L would be focal, hence F (X) would contain T an(X), a contradiction.
Next assume that Z s is a plane curve. Let α := α x :=< Z s > be a plane. We denote by δ ≥ 2 the degree of the plane curve Z s . We can consider the subvariety F ∈ G(2, 7) described by the planes α x when x varies on X.
To better understand this variety we need the following Proposition, whose proof is demanded.
Proposition 5.10. Let X ⊂ P r , r ≥ 4, be a smooth, irreducible, non degenerate, projective 3-fold which is neither a scroll over a curve nor a quadric in P 4 . Then there is no irreducible subvariety F ⊂ G(2, r) of dimension 2, such that the general point p ∈ F corresponds to a plane Π ⊂ P r which is tangent to X along an irreducible curve Γ which is 2-filling for X.
We are in the condition to prove the following lemmas.
Lemma 5.11. In the above setting, one has dim(F ) = 3.
Proof. Suppose the assertion is not true. Given a general plane α ∈ F, there would be an irreducible positive dimensional subvariety ∆ of X such that α would correspond to the general point x ∈ ∆. By Lemma 5.9, ∆ has to lie on α. By Proposition 5.2 and since we are assuming that X is not a scroll, we have that ∆ is a curve. In conclusion the planes α would vary in a 2-dimensional family F and each of them would be tangent to X along a curve ∆, contrary to Proposition 5.10.
Lemma 5.12. In the above setting, one has δ ≤ 3.
Proof. Assume by contradiction that δ ≥ 4. By Lemma 5.11, and by applying the results of [Mez, §3] to a general projection of X to P 5 , we see that X sits on a 4-dimensional scroll W over a curve.
Let Π be the general P 3 of the ruling of W and let D be the surface cut out by Π on X. Notice that D is smooth in codimension 1, otherwise Π would be tangent to X along a curve, against Zak's theorem on tangencies (see [Za1] ). In particular D is irreducible. Then by Proposition 2.6 we have that X should be an Edge variety, which has no plane curves of degree δ ≥ 3, a contradiction.
Lemma 5.13. In the above setting, if δ = 3 then Z s cannot be an irreducible cubic.
Proof. For a general point point y ∈ Z s we can consider the plane α y , which, by Lemma 5.11 is different from α = α x .
Notice that there is a unique point w y = y belonging to T y Z s ∩ Z s . Since by Lemma 5.9 one has T y X ∩ X ⊂ α y and since both y, w y are points of T y X ∩ X, we have that T y Z s ⊂ α y . Since one has also T y Z s ⊂ α and α y = α, then T y Z s = α y ∩α.
We also remark that w y ∈ Z y and that α y = α wy . Indeed, w y is also a general point of Z s and therefore, as we saw, T wy Z s = α wy ∩ α. Since T wy Z s = T y Z s , the assertion follows.
Consider now the Zariski closure F x in F of the planes α y with y ∈ Z s a general point. There are two possibilities: i) the general hyperplane through T x X contains some general plane in F x ii) T x X and all the planes in F x sit in one and the same P 4 which we will denote by F x . Assume we are in case (i) and let us keep the notation introduced at the beginning of this section. The surface Σ contains the curve Z y for y ∈ Z s a sufficiently general point. Thus the support Z ′ of Z y is still an irreducible cubic. We let Z ′ be the strict transform of Z ′ on S. It is clear that Z ′ is contracted by the morphism φ L , thus its arithmetic genus should be 0. On the other hand, the plane cubic Z ′ does not contain x, hence Z ′ is isomorphic to Z ′ and therefore its arithmetic genus is 1, a contradiction.
Assume we are in case (ii). First notice that F x ∩ X has dimension 2. Indeed it contains the irreducible surface E x described by the cubic curves Z y with y a variable point in Z s .
Consider the Zariski closure V of the union of F y as y ∈ Z s varies. Remark that for y general in Z s one has F y =< T y X, α wy > hence < α y , α wy >⊂ F y ∩ F x , thus dim(F x ∩ F y ) ≥ 3. Therefore, if we consider the projection ϕ : P 7 −−> P 3 from T x X, then dim(ϕ(V )) = 2. On the other hand ϕ(X) = P 3 , hence V does not contain X, and this implies that the surface E := E y does not depend on y ∈ Z s . This means that either E has a 2-dimensional family of plane cubics or that the planes α y , with y ∈ Z s , pairwise meet along a variable line. In either case E has to be a cubic surface in a P 3 . By Proposition 2.6 we have a contradiction again.
Now we go back to the characteristic system C = Z + L of Λ on S. By the previous lemmas, any irreducible component Z ′ of Z is rational and smooth. We have the following elementary fact.
Proof. Consider the exact sequence
The proof of the second assertion is similar.
We need two more results that will be proved later on.
Proposition 5.15. Let τ : Σ P r−4 be the projection of Σ, the general hyperplane tangent section, from T x X. Then τ contracts L to a point.
Finally a technical proposition on the normal sheaf of a reduced curve in X, for more detail see the next section.
Proposition 5.16. Let C ⊂ X be any reduced curve with superficial singular points only, i.e. points of embedding dimension 1 or 2.
Let f :C → C be the normalization morphism. We set p n (C) = p a (C). Then we have a natural exact sequence
f is locally free of rank n − 1. We denote by t C the degree of T , which can be called the number of cusps of C. Then
We can now prove the key Lemma in a strengthened form. Proof. We separately discuss the various possibilities for Z s given by the previous lemmas.
Case 5.18. Z s is a bunch of lines through x.
Let Z i be the lines in Z s and Z i their strict transform on S, with i = 1, ..., k. We If Z ′ is the strict transform of Z s on S, we have Z = aZ ′ , with a a positive number. Arguing as before, we have 2 = Z ′ · (L + aZ ′ + 2F ) ≤ 1 + (a − 1)Z ′ 2 , which leads to a contradiction by Lemma 5.14.
Case 5.20. Z s is a reducible conic.
Then Z s consists of two lines Z 1 , Z 2 which we may assume not both passing through x. We denote by Z 1 , Z 2 the strict transforms of Z 1 , Z 2 on S. Notice that Z 1 · Z 2 = 1. Moreover Z = a 1 Z 1 + a 2 Z 2 , with a 1 , a 2 positive integers.
Set
Case 5.21. Z s is a plane cubic which is the union of an irreducible conic and of a line.
Let Z 1 be the line and Z 2 the conic in Z s and let Z 1 , Z 2 be the strict transforms on S of Z 1 and Z 2 respectively. Notice that, by Lemma 5.8, x belongs to Z 1 . Furthermore Z 1 is at least 2-filling and, by Lemma 5.11, Z 2 is at least 3-filling for X.
Suppose both Z 1 and Z 2 contain x. Then Z s is a Cartier divisor on Σ, and one has c 1 (N Zs|X ) = Z Let Z i be these lines, and let Z i be the strict transform of Z i on S, i = 1, 2, 3. By Lemma 5.8, x has to lie on at least one of the lines Z i , i = 1, 2, 3.
Suppose that x ∈ Z 1 but x / ∈ C := Z 2 ∪ Z 3 . Then C is a Cartier divisor on Σ and one has c 1 (N C|X ) = C 2 + 2. Consider the normalization map f :
hence by Proposition 5.16 we have c 1 (N C|X ) ≥ 2, thus C 2 ≥ 0 which leads to a contradiction to Lemma 5.14.
Suppose that x / ∈ Z 1 but x ∈ Z 2 ∩ Z 3 . Again we set C := Z 2 ∪ Z 3 . As before, we see that C 2 ≥ 0. Hence (Z 2 + Z 3 ) 2 ≥ −2. Thus Z 
, with a i positive integers, i = 1, 2, 3. By intersecting H ′ |S with Z i , i = 1, 2, 3, we find the relations a 1 = a 2 + a 3 − 1 = a 2 − 1 = a 3 − 1, which lead to a 2 = a 3 = 0, a 1 = −1, a contradiction.
We are finally in a position to prove Theorem 5.1
Proof of Theorem 5.1. As already noticed, we may assume that X is not a scroll over a curve. By Riemann-Roch theorem, one has:
One has C 2 = deg(X) − 8 and by Lemma 5.4 one has K S · L = −3. Let k be the number of lines through x. By Lemma 5.17 we have K S · C = −3 − k. Finally, by equation (5.1), we have deg(X) = 9 − k.
Remark 5.23. The proof of Theorem 5.1 shows that actually d ≤ 8, unless for a general point x ∈ X, the scheme Z x cut out by T x X on X is 0-dimensional supported at x (see Proposition 5.4). Furthermore, if X is not a scroll, i.e. d ≥ 6, and if d ≤ 8 then Z consists of 9 − d lines through x. In particular in these cases X is ruled by lines. We remark that this is in fact the situation in the known examples of Edge varieties, d = 6, 7 and of the scroll of degree 8 (see examples 2.4 and 2.7).
A few technical results
In this section we prove a few technical results we have been using in the previous section.
First we sketch the proof of Proposition 5.2 for lack of a modern reference.
Proof of Proposition 5.2. We prove only the non trivial implication. Assume that n < r − 1. By cutting X with a general hyperplane we can reduce ourselves to the surface case n = 2. The general tangent hyperplane section H of X is reducible. If H is non-reduced, then the dual variety of X is degenerate and X is a developable scroll (see [GH] ). Otherwise write H = A + B. Since H is a nodal curve, with a single node at the point x of tangency, and since H is connected, we see that A and B are smooth curves meeting at x. Namely H is 1-connected but not 2-connected. This implies that either A or B is a line and X is a scroll (see [vdV] ).
Notice that, in the case X is smooth, as remarked in the proof of Proposition 4.6, the previous result follows from [Kl] and [Ei, Theorems 2.1 and 3.2] . As a consequence we have the following.
Proposition 6.1. Let X ⊂ P 2n+1 be a OADP n-fold. Let x be a general point of X. The intersection scheme of X with T x X has an irreducible component of dimension n − 1 if and only if X is one of the two scrolls S(1 n−1 , 3) and S(1 n−2 , 2 2 ).
Proof. This is a consequence of Lemma 5.2 and Proposition 2.3.
Next we justify the basic proposition about linear systems of rational curves on surfaces.
Proof of Proposition 5.5. Assume |M| has some base point. There is no lack of generality in supposing that it has only one base point at x ∈ S which is an ordinary multiple point of multiplicity m for the general curve C in |M|. Indeed, we can always put ourselves in this situation after having performed a suitable sequence of blow-ups.
Let f : S ′ → S be the blow-up of S at x with exceptional divisor E, and consider the proper transform
. Look at the exact sequence:
2 ≥ 2g and then K S ′ · C ′ < 0, proving that all the plurigenera of S ′ vanish. Since the same is true for S, we have that S is rational. Now, from equation (6.1) we deduce h
Look at the exact sequence:
Here we introduce in a more detailed way the notion of number of cusps for a curve C with only superficial singular points.
Let now X be a smooth, projective variety of dimension n and let C ⊂ X be a reduced curve with superficial singular points only, i.e. points of embedding dimension 1 or 2.
First we remark that the normal sheaf N C|X of C in X is locally free of rank n − 1 (see [MP, Lemma 2 .1]).
Let f :C → C be the normalization morphism. We set p n (C) = p a (C). We can also consider the normal sheaf to the map f , denoted by N f , which is defined by the exact sequence:
The sheaf N f is locally free, except at the points ofC where the differential of f vanishes, where N f has torsion. If T is the torsion subsheaf of N f , we have the sequence
f is locally free of rank n − 1. We denote by t C the degree of T , which can be called the number of cusps of C.
Proof of Proposition 5.16. Notice that there is a smooth surface S ⊆ X containing C. We denote by φ the map φ :C → S induced by f . We have the sequences:
which shows that we can reduce ourselves to the case X itself is a surface. Then, by definition, one has:
and by adjunction:
which proves the assertion.
We are left to prove Proposition 5.10 and Proposition 5.15. These we believe to be of independent interest. Let C be an irreducible reduced rational curve, so thatC ≃ P
Under this hypothesis the above construction gives.
Lemma 6.2. If C is a rational k-filling curve for X then a 1 ≥ 0 and a 1 +..
A count of parameters shows that k ≥ n − 1. Hence we have a dominant morphism P 1 × B → X where B is a suitable (n − 1)-dimensional variety. In this situation, given a general point b ∈ B, there is a focal square matrix Φ arising (see [CS] ), whose rows are given by the sections of N ′ f corresponding to the n − 1 infinitesimal deformations of f : P 1 × {b} → X determined by n − 1 independent vectors of T b (B). By the filling hypothesis, Φ has maximal rank, which implies a 1 ≥ 0. The final assertion translates the fact that k ≤ h 0 (C, N ′ f ) (see [AC] ).
Then a lemma about foci of certain families of planes in P 4 (again, see [CS] for the basics in the theory of foci).
Lemma 6.3. Let X ⊂ P 4 be a non degenerate, irreducible hypersurface. Suppose there is an irreducible subvariety F ⊂ G(2, 4) × P 4 of dimension 2, such that the general point ξ ∈ F corresponds to a pair (Π, p) where Π is a plane in P 4 , p is a smooth point of X and Π is tangent to X at p. Suppose the projection G of F to G(2, 4) has dimension 2. Then p is a focus for the family G on Π.
Proof. Let x = (x 0 , ..., x 4 ) be homogeneous coordinates on P 4 , let a = (a 0 , ..., a 4 ) be the dual coordinates and let (u 1 , u 2 ) be local parameters on F around ξ. Thus we may assume that (u 1 , u 2 ) are local parameters on G around Π, so that the equations of Π are given by:
where a i = a i (u 1 , u 2 ) are regular functions of (u 1 , u 2 ). We will denote by a subscript j the differentiation with respect to u j , j = 1, 2. Notice that the foci of G on Π are defined by the additional equation:
We can now assume that the homogeneous coordinates p = [p 0 , ..., p 4 ] of p are also regular functions p(u 1 , u 2 ) of (u 1 , u 2 ). Hence, by differentiating the equations (6.2) with x = p, we get:
be the equation of X. The equation of T p X is given by:
By differentiating equation (6.5) with x = p, we also get:
Let t = [t 1 , t 2 ] be homogeneous coordinates on P 1 . By the hypothesis, T p X contains Π. Thus there is a regular function t(u 1 , u 2 ) of (u 1 , u 2 ) such that the equation (6.6) of T x X is also given by:
along the union of T x X with another 3-space Π, intersecting T x X along a plane containing L. Thus Π and T x X span a P 4 , whose projection from T x X is a fixed point. This proves that τ (y) stays fixed as y varies on L.
7. Classification of smooth 3-folds with one apparent double point
In this section we apply the previous results to classify smooth OADP 3-folds. Our main result is the following theorem:
Theorem 7.1. Let X ⊂ P 7 be an OADP 3-fold. Let d be the degree of X. Then: Since we have shown before that OADP 3-folds have degree d less than or equal to 9, then these varieties are contained in the lists of [Io1] , [Io5] and [Io4] . Hence it could be possible to deduce Theorem 7.1 from Ionescu's results. However we have already described, on the way, several geometrical properties of OADP 3-folds. This simplifies a lot the classification. To finish the proof of the classification we only need a few basic properties of generalized adjunction maps and some of the ideas contained in [Io1] .
As we saw, X is linearly normal and regular. Then its general curve section is a linearly normal curve C ⊂ P 5 of degree d and sectional genus g. By Clifford theorem, the curve C is non special, hence by Riemann-Roch theorem we have d = g + 5 and hence g ≤ 4.
¿From now on we can suppose 6 ≤ d ≤ 9, or equivalently 1 ≤ g ≤ 4 and X not a scroll over a curve. Moreover, by [Io1, Theorem 1.4], we can suppose that |K X +2H| is base point free and that it gives a morphism φ = φ |KX +2H| : X → P g−1 , the so-called adjunction map of the polarized pair (X, H).
The following proposition will conclude the classification.
Proposition 7.2. Let X ⊂ P 7 be a smooth OADP 3-fold of degree d ≥ 8. Then d = 8 and X is like in Example 2.7.
Proof. Assume d = 8 and therefore g = 3. Let φ : X → P 2 be the adjunction map. Since φ(X) is non-degenerate, then either φ(X) is a curve or φ(X) = P 2 . If φ(X) were a curve, then X would be a hyperquadric fibration by [Io1, Proposition 1.11] and by Proposition 2.6 this is impossible. Thus φ : X → P 2 is surjective and endows X with a structure of P 1 -bundle over P 2 (see again [Io1] ). We now show that X is like in Example 2.7. Let H be a general hyperplane section of X. Then applying φ * to the exact sequence
where E is locally free of rank 2 and X = P(E). Since C = H 2 is a smooth curve of genus 3 and degree 8 on H, which is also smooth, we have that C = φ * (O P 2 (4) − E 1 − . . . − E 8 ), where p i = φ(E i ) are 8 distinct points. Of course E i is a (−1)-curve and C · E i = 1, for all i = 1, ..., 8.
It follows that φ * (O H (H)) = I p1,...,p8 (4). Since H is smooth, the 8 points do not lie on a conic and no four point are collinear. Moreover, we claim that, by the generality of H, we can suppose that no seven points p i lie on a conic. Once this claim is proved we can conclude that X is like in Example 2.7.
To prove the claim we recall that P ic(X) =< H, φ * (O P 2 (1)) >. If the claim were not true, for the general H we would have a line l H ⊂ H, the strict transform on H of the conic through the seven points p i . Notice that there would be a r-dimensional family of lines l H on X, with r ≥ 2. Clearly H · l H = 1 and φ * (O P 2 (1)) · l H = 2. Remark that h 0 (O X (H) ⊗ φ * (O P 2 (−1))) = h 0 (E(−1)) = 2, thus the system |H + φ * (O P 2 (−1))| is a pencil. Take a divisor D ∈ |H + φ * (O P 2 (−1))|. From D · l H = −1 we conclude that the lines l H cannot fill up X, hence they fill up a plane Π which sits in the base locus F of the pencil |H + φ * (O P 2 (−1))| and surjects onto P 2 via φ. Call |M | the movable part of the pencil. Set l p = φ −1 (p) for a p ∈ P 2 . The relations 1 = D · l p = M · l p + F · l p and F · l p > 0 would imply M · l p = 0 so that M = φ * (O P 2 (a)), a > 0. Then we would have 2 = h 0 (X, O X (M )) = h 0 (P 2 , O P 2 (a)), which is impossible.
Let us now suppose d ≥ 9. Then by Theorem 5.1 d = 9 and therefore g = 4. Then 1 ≤ dim(φ(X)) ≤ 3.
If dim(φ(X)) = 1, then X would be a hyperquadric fibration and this is in contrast with Proposition 2.6.
If dim(φ(X)) = 2, then the adjunction map would determine a structure of scroll in lines over a smooth surface, see loc. cit.. This is not possible by Theorem 5.1.
Let us now exclude the case φ(X) = P 3 . Since the sectional genus is g = 4 in this case, the only possibility left out by [Io2, Theorem II] is that X could be the blow-up at finitely many points of a P 2 -bundle over P 1 , which we denote by X ′ . Moreover φ would factor through X ′ and, by [Io2, Lemma 1.2] we would have a finite morphism φ ′ : X ′ → P 3 embedding each fiber of the projection X ′ → P 1 as a plane, which is clearly impossible.
We are finally ready for the proof of our classification theorem.
Proof of Theorem 7.1. We know by theorem 5.1 that 5 ≤ d ≤ 9. If d = 5, then X is either S(1, 2
2 ) or S(1 2 , 3) by lemmas 2.2 and 2.3. Then we can suppose 6 ≤ d ≤ 9, or equivalently 1 ≤ g ≤ 4 and h 0 (K X +2H) = g. Consider the adjunction morphism φ = φ |KX +2H| : X → P g−1 . If g = 1, then K X = −2H and X is a Del Pezzo manifold of degree 6. Iskovskikh has shown that either X is the Segre variety Seg(1 3 ), i.e. the Edge 3-fold of degree 6 (see Example 2.4), or X = P(T P 2 ), see [Is1] and [Is2] . The last variety is the hyperplane section of Seg(2 2 ) and its secant variety is a hypersurface of degree 3, i.e. P(T P 2 ) is defective and therefore is not an OADP-variety (see [Za1] , [CC2] ). If g = 2, then φ : X → P 1 gives to X the structure of hyperquadric fibration over P 1 , see [Io1, Proposition 1.11] . By Proposition 2.6, X is an Edge variety. If 3 ≤ g ≤ 4 we can apply Lemma 7.2 to conclude.
Mukai varieties with one apparent double point
In this section we apply Theorem 7.1 to the classification of smooth n-dimensional OADP-varieties X ⊂ P 2n+1 having as a general curve section a canonical curve C ⊂ P n+2 . Since X is regular and linearly normal, then C is linearly normal with genus g = n + 3. By Theorem 7.1 we can suppose n ≥ 4. Moreover, by the adjunction formula, −K X = (n − 2)H, i.e. X is a Fano variety of coindex 3. These varieties have been recently called Mukai varieties. Mukai varieties have been classified in [Mu1] under the assumption of the existence of a smooth divisor in |H|, a condition which is clearly satisfied in our case. In any event, this restriction has been removed in [Me] . We notice that the OADP-variety in the Example 2.8 and the one G lag R (2, 5) from Example 2.9 are Mukai varieties.
The classification result of Mukai OADP-varieties is the following.
Theorem 8.1. Let X ⊂ P 2n+1 be a Mukai OADP-variety of dimension n. Then either n = 4 and X ⊂ P 9 is a linear section of the spinor variety S (4) ⊂ P 15 as described in Example 2.8, or n = 6 and X = G lag R (2, 5). Proof. By theorems 4.10 and 7.1 we can suppose n ≥ 4.
If b 2 (X) = 1, then X is (a linear section of) a homogeneous manifold as described in theorems 1 and 2 of [Mu1] and necessarily g = 7, 8, 9. The first and third case correspond to the cases in the statement of the theorem. The Mukai manifold of dimension 8 and of sectional genus 8 is the Grassmannian G(1, 5) ⊂ P 14 , whose secant variety is a cubic hypersurface in P 14 (see [Za1] ). Therefore its linear section with a general P 11 is a defective variety X 5 ⊂ P 11 . We now show that the case b 2 (X n ) ≥ 2 is impossible. By [Mu1, Theorem 7] we know that either n = 4 and X is a Mukai 4-fold of product type, i.e. isomorphic to P 1 × Y with Y a Fano 3-fold of index 2 or 4, or X is (a linear section of) one of the nine varieties described in example 2 of [Mu1] . In all these cases one never has an n dimensional variety X in P 2n+1 , except when either X is the Segre embedding of P 1 ×F , with F a smooth cubic hypersurface in P 4 , or X is the complete intersection of the cone over Seg(2 2 ) from a point with a quadric in P 9 . In both cases one has n = 4. However they do not lead to OADP-varieties. Indeed the former variety sits in Seg(1, 4) as a divisor of type (0, 3) and, by Proposition 2.5, it is not an OADPvariety. In the latter case X is defective as well as Seg(2 2 ) (to see this, argue as in [CC2, Example 2.4], ).
